
Section 9



Admin

• Office Hours: Wednesday 1-2PM!

• Homework 3 Feedback?

• Homework 4: March 19th

• Course and Section Feedback?



Agenda

• SVD (~25 min)

• PCA (~25 min)

• Eigenvalues (If time)



Singular Value 
Decomposition



SVD - Definition

Definition: Matrix 𝑀 ∈ ℝ𝑚×𝑛 can be written as 𝑀 = 𝑈Σ𝑉∗ where 𝑈 ∈ ℝ𝑚×𝑚, 𝑉∗ ∈ ℝ𝑛×𝑛, Σ ∈ ℝ𝑚×𝑛

such that 𝑈, 𝑉 are orthogonal matrices and Σ is a rectangular diagonal matrix.

Note: The decomposition of 𝑀 can be thought of a reduction of the matrix into three 

transformations: (an initial rotation 𝑉∗, a scaling Σ, and a final rotation 𝑈)

Uses:

1. Finding Pseudoinverses

2. Low-Rank Matrix Approximation

3. Whitening (more later!)

4. PCA (more later!)



SVD - Intuition

Low Rank Approximation:

Say we want 𝑀′ a rank 𝑘 representation of matrix 𝑀 ∈ ℝ𝑚×𝑛.
All we have to do is write as 𝑀′ = 𝑈′Σ′𝑉′𝑇 where 𝑈′ ∈ ℝ𝑚×𝑘, 𝑉′𝑇 ∈ ℝ𝑘×𝑘, Σ ∈ ℝ𝑘×𝑛 such that 𝑈, 𝑉
are orthogonal matrices and Σ is a rectangular diagonal matrix.

In other words,…

Say 𝑋 ∈ ℝ𝑛×𝑑 is a matrix of 𝑛 examples and 𝑑 features. Each example (i.e., row) 𝑥𝑖 is a vector 

of dimension 𝑑. To "generate" this low rank approximation take a linear combination of 𝑘
vectors each of dimension 𝑛. For example, let 𝑋 = 𝑍𝑊, where 𝑍 ∈ ℝ𝑛×𝑘, 𝑊 ∈ ℝ𝑘×𝑛. Each row 

of 𝑊 is a "factor" and each row of 𝑍 are "coefficients". So, 𝑥1 = 𝑧1𝑊, i.e., row 𝑥1 is a linear 

combination of the rows of 𝑊 where the coefficients of the linear combination are the first 

row of 𝑊.



SVD – Proofs (1)



SVD – Proofs (1a)

𝐴𝐴𝑇 = 𝑈𝑆𝑈𝑇



SVD – Proofs (1a)



SVD – Proofs (1b)

𝐴𝑇𝐴 = 𝑉𝑆𝑉𝑇



SVD – Proofs (1b)



SVD – Proofs (1c)



SVD – Proofs (1c)



SVD - Whitening

Definition: An operation to normalize a data matrix to have the identity covariance matrix.

Uses:

1. Nice Math

2. PCA!



SVD – Whitening (2)



SVD – Whitening (2a)

Let 𝐽 = 𝐼 −
11𝑇

𝑛
, draw the resulting dataset 𝐽𝑋



SVD – Whitening (2a)



SVD – Whitening (2b)

Let 𝐽 = 𝐼 −
11𝑇

𝑛
, draw the resulting dataset 𝐽𝑋𝑉, where 𝐽𝑋 = 𝑈𝑆𝑉𝑇.



SVD – Whitening (2b)



SVD – Whitening (2c)

Let 𝐽 = 𝐼 −
11𝑇

𝑛
, draw the resulting dataset 𝐽𝑋𝑉𝑆−1, where 𝐽𝑋 = 𝑈𝑆𝑉𝑇 and 𝑆−1 ∈ ℝ𝑑×𝑑 such that 

𝑆𝑖,𝑖
−1 =

1

𝑆𝑖,𝑖
.



SVD – Whitening (2c)



SVD – Whitening (2d)

Let 𝐽 = 𝐼 −
11𝑇

𝑛
, draw the resulting dataset 𝐽𝑋𝑉𝑆−1𝑉𝑇, where 𝐽𝑋 = 𝑈𝑆𝑉𝑇 and 𝑆−1 ∈ ℝ𝑑×𝑑 such 

that 𝑆𝑖,𝑖
−1 =

1

𝑆𝑖,𝑖
.



SVD – Whitening (2d)



PCA



PCA - Motivation

Problem: The dimension of our data is too high! Can lead to:

1. High computational costs

2. Persistence of useless information
3. Low morale 



PCA - Algorithm

Algorithm:

1. Demean the data (whiten?). Decide whether to standardize. Output 𝑍.

1. Is “the importance of features… independent of the variance of the features”?

2. Compute covariance Σ = 𝑍𝑇𝑍.

3. Calculate Eigenvectors and Eigenvalues of Σ. How do we calculate this?

1. SVD!

4. Sort Eigenvalues and order columns of the Eigenvector matrix 𝑃 accordingly to create 𝑃∗.
5. Calculate final embedding 𝑍∗ = 𝑍𝑃∗

Source: A One-Stop Shop for Principal Component Analysis | by Matt Brems | Towards Data 

Science

https://towardsdatascience.com/a-one-stop-shop-for-principal-component-analysis-5582fb7e0a9c


PCA – SVD

Why use SVD? 

Take 𝑋 to be our data matrix. For PCA we need the eigenvalues of 𝑋𝑇𝑋.

Recall from part (1a) that 𝑋𝑋𝑇 = 𝑈𝑆2𝑈𝑇 when 𝑋 = 𝑈𝑆𝑉𝑇.

By its Eigendecomposition, we know 𝑆2 is the eigenvalue matrix.

So, we then have that each eigenvalue of 𝑋𝑋𝑇 is just the square of the singular values for 𝑋!



PCA – SVD

Why use SVD? 

Take 𝑋 to be our data matrix. For PCA we need the eigenvalues of 𝑋𝑇𝑋.

Recall from part (1a) that 𝑋𝑋𝑇 = 𝑈𝑆2𝑈𝑇 when 𝑋 = 𝑈𝑆𝑉𝑇.

By its Eigendecomposition, we know 𝑆2 is the eigenvalue matrix.

So, we then have that each eigenvalue of 𝑋𝑋𝑇 is just the square of the singular values for 𝑋!

In essence… the PCA problem boils down to SVD!



PCA – Intuition

Our principal components form a basis for the dataset 𝑋. We can interpret them as:

Maximizing Variance:

The 𝑖th largest principal component we generate is the vector in our orthonormal basis that 

encapsulates the most variance.

Minimizing Reconstruction Error:

The set of principal components is the set of vectors at a lower dimension that, when used 

minimize the reconstruction error of the dataset



PCA – Intuition



PCA (3)



PCA – Small Data (3a)



PCA – Small Data (3a)



PCA – Small Data (3b)



PCA – Small Data (3b)



PCA – Small Data (3c)



PCA – Small Data (3c)



PCA – Small Data (3d)



PCA – Small Data (3d)



PCA – Bigger Data (3a)



PCA – Bigger Data (3a)



PCA – Bigger Data (3b)



PCA – Bigger Data (3b)



PCA – Bigger Data (3c)



PCA – Bigger Data (3c)



PCA – Bigger Data (3d)



PCA – Bigger Data (3d)



Eigenvectors



Eigenvectors – Proofs (5a)



Eigenvectors – Proofs (5a)



Eigenvectors – Proofs (5b)



Eigenvectors – Proofs (5b)



Eigenvectors – Proofs (5c)



Eigenvectors – Proofs (5ci)



Eigenvectors – Proofs (5ci)



Eigenvectors – Proofs (5cii)



Eigenvectors – Proofs (5cii)



Eigenvectors – Proofs (5ciii)



Eigenvectors – Proofs (5ciii)


