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« Homework 4: March 19t

» Course and Section Feedback?®e



Agendad

« SVD (~25 min)
« PCA (~25 min)
* Eigenvalues (If fime)



Singular Value
Decomposifion



SVD - Definition

Definition: Matrix M € R™" can be written as M = UXV* where U € R™™, * € R, ¥ € R™*"
such that U,V are orthogonal matrices and X is a rectangular diagonal matrix.

Note: The decomposition of M can be thought of a reduction of the matrix into three
transformations: (an initial rotation V*, a scaling X, and a final rotation U)

Uses:

1. Finding Pseudoinverses

2. Low-Rank Matrix Approximation
3. Whitening (more laterl)

4. PCA (more laterl)



SVD - Intultion

Low Rank Approximation:

Say we want M’ a rank k representation of matrix M € R™ ",

All we have to do is write as M’ = U'S'V'T where U’ € R™*k, 'T € RF*k, ¥ € R¥*" such that U,V
are orthogonal matrices and X is a rectangular diagonal matrix.

In other words,...

Say X € R™4is a matrix of n examples and d features. Each example (i.e., row) x; is a vector
of dimension d. To "generate" this low rank approximation take a linear combination of k
vectors each of dimension n. For example, let X = ZW, where Z € R™¥, W € R**". Each row
of W is a "factor' and each row of Z are "coefficients". So, x; =z, W, i.e., row x; is a linear
combination of the rows of W where the coefficients of the linear combination are the first
row of W.



SVD - Proofs (1)

Recall that if we have a squared matrix A € R"*" we can eigen-decompose it in the form of A = USU', where the
columns of U are eigenvectors of A with lengths of 1, and the diagonal of S is the list of eigenvalues corresponding
to those eigenvectors.

Now, for a more general case, where A is a data matrix with the dimension of R”*“, there is still a way to decompose
it: A=USVT, where U € R"*", S is a diagonal matrix and S € R"*? and V € R9*4,

It is called Singular Value Decomposition (SVD).



SVD - Proofs (1a)

Let A have SVD USV'. Show AA" has the columns of U as eigenvectors with associated eigenvalues S=.

AAT = UysuT



SVD - Proofs (1a)

Let A have SVD USV'. Show AA" has the columns of U as eigenvectors with associated eigenvalues S=.

We have A = USV' then:

AAT =UsvT(UsvT)T
=Usvi((vhtstor)
=Usvivsut
=Usvivsut
= USISU"
=US*U"

Since we can diagonalize AA” into US?U7, it has eigenvectors that are columns of U and associated
eigenvalues S“.




SVD - Proofs (10)

Let A have SVD USV'. Show A’ A has the columns of V as eigenvectors with associated eigenvalues S~.

ATA =VsyT



SVD - Proofs (10)

Let A have SVD USVT. Show A’ A has the columns of V as eigenvectors with associated eigenvalues S2.

We have A = USV' then:

AtA=wsvhrusvt
=Vsutusv”t
= VSIsv?!
= VsVt

Since we can diagonalize A’ A into V.S*V', it has eigenvectors that are columns of V' and associated
eigenvalues S2.




SVD - Proofs (1c)

For the matrix A, suppose we are given that AA”T = US?U7T and AT A = VS?VT. Show that A = USVT. Le.,
show that for any vector » € R, we have Az = USV Tz



SVD - Proofs (1c)

Let i1, vo. ... . v, } be the rows of V7, They are orthogonal (o each other and unit norm. For any x ¢ B/

we can write & = Z,'I."_ln;r-,-, Then we have;
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In the meantime, since «, is an eigenvector of 4™ A, we have 47 As; — A%y (1)

Multiply 4 on both sides of (1), we get (44T 140, = A2 4w,

Therefore, Av; is an eigenvector of 447

Tf we multiply " on both sides of (1), we ger +” AT Au; = 220l oy, which is equivalent to || A2 = 33 ||u|?
Therefore, we know that the length of vector Aw, is A,

Normalize the vector: ]T“ = i,

Hence, Au, = Au; '

Flug il back into the formula:
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SVD - Whitening

Definition: An operation to normalize a data matrix to have the identity covariance matrix.

Uses:
1. Nice Math
2. PCAI



SVD — Whitening (2)

We've seen before that demeaning our data makes it easier to work with. There’s a more general operation called
“whitening” where we also normalize the important directions of our data. In this problem, we’ll do the operations
corresponding to one version of whitening as a way to get better intuition on how SVD works.

Let X € R"*4 be a matrix of data points, and .J be I — 117 /n. Let JX have a singular value decomposition of
JX =USV?E,

Suppose we know that our points were drawn from a Gaussian distribution with covariance 3. We would expect
most of our points to lie in an ellipse, whose axes are the eigenvectors of X, scaled by the corresponding eigenvectors.
We've drawn that ellipse below, with one area shaded so we can see its orientation.




SVD — Whitening (2a)

let ] =1 — %T draw the resulting dataset jX



SVD — Whitening (20

Sinee J is v » o, the resulting marrix s, indeed » o ol

Nortice that 117 /v is an n = w marrix where every entry is 1/,

JX =111 /n) X

=X -11"X/n

| (ZT)
i

=X 17

where T is the average of the rows of X. Thus JX is just X “demeaned”
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SVD — Whitening (2b)

T
let ] =1 — % draw the resulting dataset JXV, where JX = USVT.



SVD — Whitening (2b

Since Vis d x d, JXV is still n x d.

Below we will give a few different views of the calculation (they all say the same thing, but alternative
wordings may give a different perspective)

We want to think about row i of J X V. Define y; to be the i'® row of .J X written as a column vector. When
we multiply J XV, we will find y! v; and put that number in entry i, j of the matrix. Since the columns of
V form an orthnormal basis of R, the i™ row of JXV is just y rewritten in the basis of V.

Said differently, if row i of J XV is the vector = then y; = ) z[j]v;.

But then what does .J X'V look like? Well the ;T entry of row i is its dot product with v;. Le. in each
direction of the standard basis we are going to go as far as we went in the principal component directions
in 3. So we have rotated the ellipse to now be on the standard basis.
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SVD — Whitening (2¢)

T
let] =1 — % draw the resulting dataset JXVS—1t, where JX = USVT and S~ € R%*4 such that
— 1
Si,il ~ Sy



SVD — Whitening (2c

Since S ! is d x d, the matrix remains n x d.

Note that S~ just renormalizes each column j by 1/o;. Thus row i of JXV S~ is the i demeaned data
point, written in the singular vector basis, now normalized, so the most extreme data points have length
at most 1 in the new basis,

How do we know the lengths become at most 1? The easiest way is to look at a single row, let ¢; be the
vector with a 1 in entry 7 and all 0’s everywhere else. Note that ¢ A is the ™ row of the matrix A. To
understand the length of the i'" row we want:

NeTIxVS |2 = (TIxvs )T ( TIXxVST)
= (TUSVTY S (TUsVTVS™)
= (TUss™) (TUss™)
= (cfvr) (for)
Where I’ is the n x d matrix, which has 1s in every entry on the diagonal and 0’s everywhere else. (Recall
that S—! isn’t really an inverse — S isn’t square $o it can’t have a real inverse)

Let U/ be the n x d matrix formed by deleting columns  + 1.d + 2,...,n of U,

= (U (U

—u'ur <1

P =

oy r'ur

Where the last inequality follows from the fact that (the full row) U; is an orthonormal vector, Since we've
just deleted entries from it, the length of the vector only decreased, and so the length is still at most 1.

Vectors of length at most 1 lie inside a circle, so we've “squashed” our vectors. Notice that since we're
shrinking each direction according to its singular value, we are shrinking each vector by a different amount,
such that we end up with a circle.

What's the radius of our circle? It turns out it's about ﬁ — try drawing some real data for various n and
see what happens!
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SVD — Whitening (2d)

117 :
Let] =1 ——, draw the resulting dataset JXVS~yT, where JX = USVT and S™! € R%*4 such

that St = —.



SVD — Whitening (2d

Row i of JXVS~1VT: is harder to understand than the previous ones, let’s do a calculation. Recall that

entry i, j of JXVS—1is ﬁy}]ri, where y; is the demeaned version of z;.
Ju

L. Y Ci— A 1 T ;
Then entry i, j of JXVS V7 is: 30 Lyl veonl]
so we can write row i as: »_,_, 7 vsv = Y., 7-4I So we have just y; but normalized by the os.

Thus we have “rotated” the points back to the original space, but kept them the same length as before.
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PCA



PCA - Moftivation

Problem: The dimension of our data is too high! Can lead to:

1. High computational costs
2. Persistence of useless information

3. Low morale ®



PCA - Algorithm

Algorithm:

1.

4,
5. Calculate final embedding Z* = ZP*

Demean the data (whiten?¢). Decide whether to standardize. Output Z.
1. Is “the importance of features... independent of the variance of the features”?

2. Compute covariance = Z7Z.
3.

Calculate Eigenvectors and Eigenvalues of . How do we calculate this?
1. SVDI
Sort Eigenvalues and order columns of the Eigenvector matrix P accordingly to create P*.

Source: A One-Stop Shop for Principal Component Analysis | by Matt Brems | Towards Data
Science



https://towardsdatascience.com/a-one-stop-shop-for-principal-component-analysis-5582fb7e0a9c

PCA -3SVD

Why use SVD?

Take X to be our data matrix. For PCA we need the eigenvalues of X7X.
Recall from part (1a) that XX = US2UT when X = USVT.

By its Eigendecomposition, we know §?2 is the eigenvalue maitrix.
So, we then have that each eigenvalue of XX7 is just the square of the singular values for X!



PCA -3SVD

Why use SVD?
Take X to be our data matrix. For PCA we need the eigenvalues of X7X.

Recall from part (1a) that XX = US2UT when X = USVT.
By its Eigendecomposition, we know §?2 is the eigenvalue maitrix.
So, we then have that each eigenvalue of XX7 is just the square of the singular values for X!

In essence... the PCA problem boils down to SVD!



PCA — Infultion

Our principal components form a basis for the dataset X. We can interpret them as:

Maximizing Variance:
The ith largest principal component we generate is the vector in our orthonormal basis that

encapsulates the most variance.

Minimizing Reconstruction Error:
The set of principal components is the set of vectors at a lower dimension that, when used

minimize the reconstruction error of the dataset

nnnnn

nnnnnn




PCA — Infultion

X
X
Pi

Reconstruction error minimization
) . ] 0 . .
finds directions that minimize

the distances to p;’s \
-1

ariance maximization finds directions
that maximizes the spread of p’s



PCA (3)

Consider the following dataset, which is represented as three points in R“. Note that in this problem we will not
demean the dataset. Perform all calculations as if the dataset were () mean.

1 2
1.5 3
6 12



PCA — Small Data (3a)

What is the first principal component vector, v;?

1 2
.o 3
6 12




PCA — Small Data (3a)

What is the first principal component vector, v;?

1 2
1.5 3
6 12

Each point has second coordinate twice the first, so every point is on the line y = 2z, or equivalently is a
multiple of the vector [1, 2].

That direction, normalized, is the first principal component, so v; = [1/v/5.2/V/5].




PCA — Small Data (3b)

What is the second principal component, v5?

1 2
.o 3
6 12




PCA — Small Data (3b)

What is the second principal component, v5?

S
1.5 3
6 12

Since every data is in the span of the first principal component, any unit norm vector perpendicular to v,
is an acceptable choice. One such vector is [—2v/5,1//5].




PCA — Small Data (3c)

If we use only the first principal component to compress the dataset, what will the representation of each
point be?

o

)
P

ek -
o




PCA — Small Data (3c)

If we use only the first principal component to compress the dataset, what will the representation of each
point be?

1 2
1.5 3
6 12

The first point is v/5v1, the second one is 1.5 - v/5v,, and the third one is 6 - v/5v;.




PCA — Small Data (3d)

Will this representation be lossy, or perfectly preserve the dataset?




PCA — Small Data (3d)

Will this representation be lossy, or perfectly preserve the dataset?

"1 9
Lo 3
6 12

In this particular dataset, we perfectly preserve this dataset (the points are all multiples of v;).




PCA - Bigger Data (3a)

What is the first principal component vector, v;?

1 |




PCA - Bigger Data (3a)

What is the first principal component vector, v;?

4
1.5 1.5
—2 2
4 —4
6 —6
_2 2_

Notice that every point is either a multiple of [1,1] or [1, —1], so some of those must be our principal
component. The norms of the multiples of [1, —1] are much larger, so [1/v/2, —1/v/2] is v;.




PCA - Bigger Data (3b)

What is the second principal component, v5?




PCA - Bigger Data (3b)

What is the second principal component, v5?

.
1.5 1.5
—2 2
4 —4
6 —6
_2 2_

We need a vector perpendicular to v, which can best describe our remaining data. Since we’re in two
dimensions, we don’t have choices after we chose the first principal component. Therefore, the second
principal component is [1/v/2,1/v/2].




PCA - Bigger Data (3¢)

If we use only the first principal component to compress the dataset, what will the representation of each
point be?

|
o Ot
DO

|
=)



PCA - Bigger Data (3¢)

If we use only the first principal component to compress the dataset, what will the representation of each
point be?

Data points 1, 2, and 6 are all perpendicular to v;, so are represented as [0, 0] (i.e. 0-wv;). The other points
are multiples of v, which are —2v/2v,, 4v/2v,, and 6+/2v,, respectively.




PCA - Bigger Data (3d)

Will this representation be lossy, or perfectly preserve the dataset?

1 |
L.

o Ot
AN

N O
|
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PCA - Bigger Data (3d)

Will this representation be lossy, or perfectly preserve the dataset?

11
1.5 1.5
-2 2
4 —4
6 —6

- 2 2 -

The data representation is lossy. Points 1, 2, and 6 have lost information.




Figenvectors



Eigenvectors — Proofs (5a)

Prove that if A is a symmetric matrix with n distinct eigenvalues, then its eigenvectors are orthogonal. Hint:
if « and v are eigenvectors, calculate u? Av two different ways.



Eigenvectors — Proofs (5a)

Prove that if A is a symmetric matrix with n distinct eigenvalues, then its eigenvectors are orthogonal. Hint:
if « and v are eigenvectors, calculate u? Av two different ways.

Here’s one possible proof. Let u, v be eigenvectors with eigenvalues A\, and A, respectively (with A, # A,)
Consider the quantity ¥ Av On one hand,

ul Av = u’ (A0) = Ay culw
On the other hand, since A is symmetric:
ul Av = ul AT = (Au)to = N, ('HTN)

Combinbing we have \,u’ v = A\, u' v, since \, # \,, we must have u’ v = 0 for all eigenvectors u, v




Eigenvectors — Proofs (5b)

Suppose that A is a symmetric matrix. Prove, without appealing to calculus, that the solution to arg max, =’ Ax
s.t. ||z| = 1 1is the eigenvector xy corresponding to the largest eigenvalue \; of A. (Hint: the eigenvectors of
a symmetric matrix can be chosen to be an orthonormal basis, i.e. unit vectors spanning all of R".)



Eigenvectors — Proofs (5b)

Suppose that A is a symmetric matrix. Prove, without appealing to calculus, that the solution to arg max, =’ Ax
s.t. ||z| = 1 1is the eigenvector xy corresponding to the largest eigenvalue \; of A. (Hint: the eigenvectors of
a symmetric matrix can be chosen to be an orthonormal basis, i.e. unit vectors spanning all of R".)

Let uy,...,u, be an orthonormal set of unit vectors (which are guaranteed to exist by symmetry of A. Let
x be a unit vector. We can write = as ", o,;u;. We claim that ) o7 = 1. Indeed:

2
; . 2 P 9 .
|z* = HZ ajui|| = Z [lvus||” = Z(_rf i ||” = Z o?

Where the starred equality is a result of observing that any cross-terms are 0 by orthogonality of u; (see a
more detailed explanation in Section 4 of the solution).

Now let’s examine 27 Ax
2T Ar =27 A (Z v u-;‘.)

= (Z (_};f'u-;-"') (Z f-h:/\:'u;‘)

Where again the starred equality uses that cross terms are 0 by orthoganality. since Y a? = 1, we are
just taking a convex combination of the \;. This is clearly maximized by making o, = 1 where A\, is the
maximum eigenvalue. Observe that this is indeed possible by setting - = u; as claimed.




Eigenvectors — Proofs (5c)

Let A and B be two R™*" symmetric matrices. Suppose A and B have the exact same set of eigenvectors
wy, us. -+ . u, with the corresponding eigenvalues oy, o, - -+ , v, for A, and 3. 3.+ . 3,, for B. Please write
down the eigenvectors and their corresponding eigenvalues for the following matrices:



Eigenvectors — Proofs (5ci)

Let A and B be two R™*" symmetric matrices. Suppose A and B have the exact same set of eigenvectors
wy, us. -+ . u, with the corresponding eigenvalues oy, o, - -+ , v, for A, and 3. 3.+ . 3,, for B. Please write
down the eigenvectors and their corresponding eigenvalues for the following matrices:



Eigenvectors — Proofs (5ci)

Let A and B be two R™*" symmetric matrices. Suppose A and B have the exact same set of eigenvectors
wy, us. -+ . u, with the corresponding eigenvalues oy, o, - -+ , v, for A, and 3. 3.+ . 3,, for B. Please write
down the eigenvectors and their corresponding eigenvalues for the following matrices:

[ Eigenvectors u; with eigenvalues «; — 3; since (A — B)ax = Ax — Bx = (a; — 3;) «x




Eigenvectors — Proofs (5cii)

Let A and B be two R™*" symmetric matrices. Suppose A and B have the exact same set of eigenvectors
wy, us. -+ . u, with the corresponding eigenvalues oy, o, - -+ , v, for A, and 3. 3.+ . 3,, for B. Please write
down the eigenvectors and their corresponding eigenvalues for the following matrices:

E=AB



Eigenvectors — Proofs (5cii)

Let A and B be two R™*" symmetric matrices. Suppose A and B have the exact same set of eigenvectors

wy, us. -+ . u, with the corresponding eigenvalues oy, o, - -+ , v, for A, and 3. 3.+ . 3,, for B. Please write
down the eigenvectors and their corresponding eigenvalues for the following matrices:
E=AB

[ Eigenvectors u; with eigenvalues «;3; since ABu; = Af;u; = 3; Au; = [Biouu;




Eigenvectors — Proofs (5ciil

Let A and B be two R™*" symmetric matrices. Suppose A and B have the exact same set of eigenvectors
wy, us. -+ . u, with the corresponding eigenvalues oy, o, - -+ , v, for A, and 3. 3.+ . 3,, for B. Please write
down the eigenvectors and their corresponding eigenvalues for the following matrices:

F = A 'B (assume A is invertible )



Eigenvectors — Proofs (5ciii)

Let A and B be two R™*" symmetric matrices. Suppose A and B have the exact same set of eigenvectors
wy, us. -+ . u, with the corresponding eigenvalues oy, o, - -+ , v, for A, and 3. 3.+ . 3,, for B. Please write
down the eigenvectors and their corresponding eigenvalues for the following matrices:

F = A 'B (assume A is invertible )

Observe that A~ 'u; = Lu;

To show this we examine A~ ! Au; On the one hand: A~ 'Au; = A 'ou; = a; A ',
On the other hand: A~'Au; = I'u; = u; Setting both equal to each other, we have a; A~ 'u; = u;, so

A = 2,
Then we have A Bu; = A1 8u; = B; A1
w; = =uy,

8 ¥

Thus A1 B has eigenvectors u; with eigenvalues %




